Abstract. The versal deformation ring R(G, V ) of a mod p representation V of a profinite group G encodes all isomorphism classes of lifts of V to representations of G over complete local commutative Noetherian rings. We introduce a new technique for determining R(G, V ) when G is finite which involves Brauer's generalized decomposition numbers.
Introduction
Let k be an algebraically closed field of positive characteristic p, let W = W (k) be the ring of infinite Witt vectors over k, and let G be a finite group. An important question in the representation theory of G is whether a finitely generated kG-module V can be lifted to W . For example, Green's lifting theorem shows that this is possible if there are no non-trivial 2-extensions of V by itself. A natural generalization of this question is to consider the functor which sends each complete local commutative Noetherian ring R with residue field k to the set of isomorphism classes of lifts of V over R. If this functor is represented by a ring R(G, V ), we say that R(G, V ) is the universal deformation ring of V . More generally, one can always associate to V a versal deformation ring R(G, V ), whose precise definition is recalled in Section 2. It was shown in [5, Prop. 2.1] that if the stable endomorphism ring End kG (V ) is isomorphic to k, then the versal deformation ring R(G, V ) is always universal.
Apart from the fact that universal deformation rings of representations of finite groups give more insight into the representation theory of these finite groups, there is another important motivation for studying these universal deformation rings. Namely, universal deformation rings for finite groups provide a good test case for various conjectures concerning the ring theoretic properties of universal deformation rings for profinite Galois groups. For example, Flach asked whether there could be universal deformation rings which are not complete intersections (see [21] ). In [6, 7] it was shown that the universal deformation ring of the non-trivial irreducible mod 2 representation of the symmetric group S 4 is not a complete intersection; in fact it is not even Cohen-Macaulay. This led to infinitely many examples of real quadratic fields L such that the universal deformation ring of the inflation of this representation to the Galois group over L of the maximal totally unramified extension of L is not a complete intersection. In [8] , examples of finite groups G and mod p representations of G for every odd prime number p were constructed such that the universal deformation rings of these representations are not complete intersections. The main advantage of computing universal deformation rings for representations of finite groups is that one can use deep results from modular representation theory due to Brauer, Erdmann [27] , Linckelmann [33, 34] , Carlson-Thévenaz [19, 20] , and others.
In this paper, we propose a new method of determining universal deformation rings, using Brauer's generalized decomposition numbers. Brauer generalized the usual decomposition numbers in [11] to be able to express the values of ordinary irreducible characters not only on p-regular elements but also on p-singular elements in terms of Brauer characters. We will show how to use these generalized decomposition numbers to determine the universal deformation rings R(G, V ) for certain mod p representations V of finite groups G whose stable endomorphisms are all given by scalars. The V we consider are those for which Brauer's generalized decomposition numbers carry the most information; these V are called maximally ordinary below. For maximally ordinary V , the generalized decomposition numbers enable us to find a family of Galois orbits of ordinary irreducible characters of G which can be used to construct lifts of V to large local rings in characteristic 0. This provides a powerful tool for computing universal deformation rings. The need for the use of Brauer's generalized decomposition numbers is related to how much fusion of conjugacy classes of p-power order elements occurs in G.
Suppose V is a kG-module whose stable endomorphism ring is isomorphic to k. Then V has a unique non-projective indecomposable summand (up to isomorphism). Since the universal deformation ring R(G, V ) only depends on this indecomposable direct summand by [5, Cor. 2.7] , we may assume that V is indecomposable. Hence there exists a unique p-block B to which V belongs. The case when B has finite representation type has been fully studied in [5] . Therefore, we concentrate in this paper on the case when B has infinite tame representation type. Because the study of local blocks requires different arguments, as was demonstrated for example in [2] , we further assume that B is not local. Let D be a defect group of B. We say V is maximally ordinary if the Brauer character of V is the restriction of an ordinary irreducible character χ such that for every σ ∈ D of maximal p-power order, Brauer's generalized decomposition numbers corresponding to σ and χ do not all lie in {0, ±1} (see Definition 3.2) . This condition ensures that Brauer's generalized decomposition numbers carry enough information for our method to be applied to V .
The following theorem summarizes our main results; more precise statements can be found in Sect. 6 , and in particular in Corollary 6.2 and Theorem 6.6.
Theorem 1.1. Suppose G is a finite group, B is a non-local block of kG of infinite tame representation type, and D is a defect group of B of order p
n . There exists an indecomposable kG-module V belonging to B whose stable endomorphism ring is isomorphic to k and which is maximally ordinary if and only if n ≥ 4. Moreover, the isomorphism class of every such V can be described explicitly. Suppose V is such a maximally ordinary module. There exists a monic polynomial q n (t) ∈ W [t] of degree p n−2 − 1 which depends on D but not on V and which can be given explicitly such that either ]/(t q n (t), p q n (t)).
In all cases, the ring R(G, V ) is isomorphic to a subquotient ring of W D, and it is a complete intersection if and only if we are in case (i).
In particular, Theorem 1.1 gives a positive answer to [5, Question 1.1] for all B and V considered in the theorem. A precise description of the maximally ordinary modules V belonging to B is given in Corollary 6.2. A formula for the polynomials q n (t) can be found in Definition 5.3 and Remark 5.4.
The use of Brauer's generalized decomposition numbers provides a correction to some arguments in [3, Sect. 3.4] , [4, Sect. 5] , and [9, Sect. 3.2] . Namely, in these papers a formula for the values of the ordinary irreducible characters on elements in D of maximal p-power order was assumed, which is true for principal infinite tame blocks but cannot be verified for arbitrary infinite tame blocks because there may be more fusion of D-conjugacy classes in G when the blocks are not principal (see Remark 5.2) .
The paper is organized as follows. In Section 2, we recall the definitions of deformations and deformation rings. In Section 3, we give a brief introduction to Brauer's generalized decomposition numbers, as introduced in [11, 12] . Using [27] , we descibe in Section 4 the quivers and relations of the basic algebras of all non-local blocks B of infinite tame representation type, and provide their decomposition matrices. In Section 5, we describe results of [16, 37] about the ordinary irreducible characters of G belonging to B. In Section 6, we prove Theorem 1.1.
Preliminaries
In this section, we give a brief introduction to versal and universal deformation rings and deformations. For more background material, we refer the reader to [36] and [23] .
Let k be an algebraically closed field of characteristic p > 0, and let W be the ring of infinite Witt vectors over k. LetĈ be the category of all complete local commutative Noetherian rings with residue field k. Note that all rings inĈ have a natural W -algebra structure. The morphisms inĈ are continuous W -algebra homomorphisms which induce the identity map on k.
Suppose G is a finite group and V is a finitely generated kG-module. A lift of V over an object R inĈ is a pair (M, φ) where M is a finitely generated RG-module which is free over R, and
and the set of all such deformations is denoted by Def G (V, R). The deformation functor
is a covariant functor which sends an object R inĈ to Def G (V, R) and a morphism α :
with the following property: For each R inĈ and for each lift (M, φ) of V over R there exists a morphism α : Note that the above definition of deformations can be weakened as follows. Given a lift (M, φ) of V over a ring R inĈ, define the corresponding weak deformation to be the isomorphism class of M as an RG-module, without taking into account the specific isomorphism φ : k ⊗ R M → V . In general, a weak deformation of V over R identifies more lifts than a deformation of V over R that respects the isomorphism φ of a representative (M, φ). However, if the stable endomorphism ring End kG (V ) is isomorphic to k, these two definitions of deformations coincide (see [4, Remark 2.1 
]).
By [36] , every finitely generated kG-module V has a versal deformation ring. Since G is a finite group, we have the following sufficient criterion for the universality of R(G, V ):
Suppose V is a finitely generated kG-module whose stable endomorphism ring End kG (V ) is isomorphic to k. Then V has a universal deformation ring R(G, V ).
Brauer's generalized decomposition numbers
In this section, we give a brief introduction to Brauer's generalized decomposition numbers, emphasizing the results needed in this paper. Throughout this section, let p be a fixed prime number and let G be a finite group such that p divides #G. Let P be a fixed Sylow p-subgroup of G.
Brauer introduced generalized decomposition numbers in [11] to be able to express the values of the ordinary irreducible characters of G on all conjugacy classes by means of the irreducible p-modular characters of certain subgroups of G. More precisely, let g ∈ G and write g (uniquely) as g = uv where u is a p-element of order p α and v is a p-regular element in the centralizer C G (u) (where we allow u or v to be identity elements). Let IBr(C G (u)) denote the set of distinct irreducible p-modular characters of C G (u). By [11, Sect. 1] , if χ is an ordinary irreducible character of G then we have a formula
where the numbers d
, are algebraic integers in the field of p α -th roots of unity which do not depend on v. These are called the generalized decomposition numbers of G corresponding to u and χ.
If u = 1 G , then the generalized decomposition numbers corresponding to u are the usual decomposition numbers, which are non-negative integers, and (3.1) is the usual formula for the restriction to p-regular elements of an ordinary irreducible character χ in terms of an integral combination of the irreducible p-modular characters of G = C G (1 G ).
We can use these generalized decomposition numbers to express the ordinary character table of G as the product of two square matrices as follows. Recall that we fixed a Sylow p-subgroup P of G. Let u 0 , u 1 . . . , u h be a complete system of representatives of G-conjugacy classes of p-elements in G with u 0 = 1 G and
} is a complete set of representatives of the conjugacy classes of G. Moreover, for each 0 ≤ i ≤ h, there are precisely ℓ i irreducible p-modular characters of C G (u i ), which we denote by ϕ i,1 , . . . , ϕ i,ℓi . Let {χ 1 , . . . , χ c } be a complete set of representatives of the ordinary irreducible characters of G. Then Brauer's above formula (3.1) can be written as
χs, ϕi,t for all 1 ≤ t ≤ ℓ i . Write the conjugacy class representatives in the order
Using (3.2), we obtain that the ordinary character table X can be written as a product X = ∆ · Φ, where ∆ contains the generalized decomposition numbers and Φ is a block diagonal matrix [12, Sect. 7, p. 45] , the square of the determinant of ∆ is ±p a for some a ∈ Z + , and the square of the determinant of Φ is an integer which is relatively prime to p. Fix now a p-modular block B of G and suppose that there are k(B) ordinary irreducible characters belonging to B. Reorder χ 1 , . . . , χ c such that χ 1 , . . . , χ k(B) belong to B. For each 0 ≤ i ≤ h, reorder ϕ i,1 . . . , ϕ i,ℓi such that the first m i characters, ϕ i,1 , . . . , ϕ i,mi , are precisely the irreducible p-modular characters belonging to blocks of C G (u i ) whose Brauer correspondents in G are equal to B. (Note that for each block b of C G (u i ), its Brauer correspondent b G in G is well-defined since the centralizer in G of a defect group of b is contained in C G (u i ), see [1, Sect. 14] .) It follows from [12, Sect. 6] that for 1 ≤ s ≤ k(B), (3.2) can be rewritten as
and we assume, as above, that ϕ i,1 . . . , ϕ i,mi are precisely the irreducible p-modular characters belonging to blocks of C G (u i ) whose Brauer correspondents in G are equal to B. Let now k be an algebraically closed field of characteristic p and view B as a block of kG. Let W = W (k) be the ring of infinite Witt vectors over k and let F be the fraction field of W . In particular, W contains all roots of unity of order not divisible by p. Let F be a fixed algebraic closure of F , and let ξ be a root of unity in F whose order is a power of p such that F (ξ) is a splitting field for G. Then W [ξ] is the ring of integers of F (ξ), and we can view the ordinary character table X of G and the matrix ∆ of generalized decomposition numbers as taking values in W [ξ], and the matrix Φ in (3.3) as taking values in W . Since the square of the determinant of Φ is an integer that is relatively prime to p, it follows that the determinant of Φ, and hence the determinant of Φ i for all 0 ≤ i ≤ h, is a unit in W . Hence we can solve (3.5) for ∆ B,i to obtain
is a matrix with values in W . In particular, (3.6) shows that if we reduce our discussion to a single block B then we can replace ξ by a p-power order root of unity ζ in F such that all ordinary irreducible characters of G belonging to B are realizable over F (ζ), i.e. they correspond to absolutely irreducible F (ζ)G-modules.
Remark 3.1. Equations (3.1) and (3.4) can be rewritten to reflect the influence of fusion of Pconjugacy classes in G (see [14, Sect. 1] ). As before, let u be a p-element of G and let v be a p-regular element in C G (u). Assuming the notation of the previous paragraph, let χ be an irreducible F (ξ)-character which belongs to a block B of kG. Recall that a subsection (y, b y ) for B is a pair consisting of a p-element y of G and a block b y of C G (y) with b G y = B. We obtain
where (y, b y ) ranges over a system of representatives for the conjugacy classes of subsections for B such that y is conjugate to u in G, say u = z −1 y yz y . For each (y, b y ), ϕ ranges over the irreducible p-modular characters associated with b y . Definition 3.2. Let k be an algebraically closed field of characteristic p, let W be the ring of infinite Witt vectors over k, and let F be a fixed algebraic closure of the fraction field F of W . Suppose B is a block of kG and that D is a defect group of B. Let ζ ∈ F be a root of unity of p-power order such that all ordinary irreducible characters of G belonging to B are realizable over F (ζ). In particular, the ordinary (resp. p-modular) characters belonging to B can be viewed as taking values in W [ζ] (resp. W ). Suppose V is an indecomposable kG-module whose stable endomorphism ring is isomorphic to k and which belongs to B. We say V is maximally ordinary if the p-modular character of V is the restriction to the p-regular elements of an ordinary irreducible character χ such that for every σ ∈ D of maximal p-power order there exists an irreducible p-modular character
χ,ϕ ∈ {0, ±1}.
Tame blocks
For the remainder of this paper, we make the following assumptions: Hypothesis 4.1. Let k be an algebraically closed field of positive characteristic p, let W = W (k) be the ring of infinite Witt vectors over k, let F be the fraction field of F , and let F be a fixed algebraic closure of F . Suppose G is a finite group, B is a non-local block of kG of infinite tame representation type, and D is a defect group of B of order p n . Let ζ be a primitive p n−1 -th root of unity in F .
It follows from [10, 17, 29] that p = 2, n ≥ 2, and D is dihedral, semidihedral or generalized quaternion. In particular, Assume Hypothesis 4.1. By [16, 37] , it follows that there are at most three isomorphism classes of simple B-modules. From Erdmann's classification of all blocks of tame representation type in [27] , it follows that the quiver and relations of the basic algebra of B can be given explicitly and that, up to Morita equivalence, there are 24 families of blocks B.
Using [24, 26, 27, 30] , we now give a description of these families as follows. By [27, pp. 294-306], there are 12 possible quivers Q which can occur for basic algebras of dihedral, semidihedral or quaternion type: 2A, 2B, 3A, 3B, 3C, 3D, 3F , 3H, 3K, 3L, 3Q, 3R. For each such quiver Q, we combine Erdmann's results in [26, 27] and [30, Prop. 4 .2] with Eisele's results in [24] to provide the most accurate description of a full set of representatives of basic algebras Λ = kQ/I for the Morita equivalence classes of blocks B as in Hypothesis 4.1 with Ext quiver Q.
We also provide the decomposition matrix for each block B. For better readability, all decomposition matrices appear at the end of the paper. As will be discussed in Section 5, B always contains exactly 4 ordinary irreducible characters of height 0 and, unless D is quaternion of order 8, exactly 2 n−2 −1 ordinary irreducible characters of height 1. If D is quaternion of order 8, B contains exactly 3 ordinary irreducible characters of height 1. If B is generalized quaternion or semidihedral, there may be additional ordinary irreducible characters of height n − 2. In the decomposition matrices, we list first the 4 ordinary irreducible characters of height 0, then the family of 2 n−2 − 1 ordinary irreducible characters of height 1, and then the ordinary irreducible characters of height n− 2 if they exist. Note that the family of 2 n−2 − 1 characters of height 1 all define the same Brauer character on restricting to the 2-regular conjugacy classes of G. If B has three isomorphism classes of simple modules, we moreover order the ordinary irreducible characters according to the sign conventions described in [16, Thm. 5] and [37, Thms. 4.10, 4.11 and 4.15] .
To distinguish between different defect groups, we use the notation D(Q) (resp. SD(Q), resp. Q(Q)) to mean that Λ = kQ/I is Morita equivalent to a block B with dihedral (resp. semidihedral, resp. generalized quaternion) defect groups.
4.1.
Blocks with quiver 2A.
By [24] and [27, p. 294 
The corresponding decomposition matrix is given in Figure 1 . By [27, p. 298] , if B has semidihedral defect groups and Ext quiver 2A, then there exists c ∈ k such that B is Morita equivalent to either SD(2A) 1 
where
The decomposition matrix for SD(2A) 1 (c) is given in Figure 2 , and the decomposition matrix for SD(2A) 2 (c) is given in Figure 1 . By [27, 
The decomposition matrix for Q(2A)(c) is given in Figure 2 .
4.2.
Blocks with quiver 2B.
By [24] and [27, p. 295 
], if B has dihedral defect groups and Ext quiver 2B, then B is Morita equivalent to D(2B) = k[2B]/I D(2B) where
The corresponding decomposition matrix is given in Figure 3 . By [26, Lemmas (8.11 ) and (8. 
The decomposition matrix for SD(2B) 1 (c) is given in Figure 3 , the decomposition matrix for SD(2B) 2 (c) is given in Figure 4 , and the decomposition matrix for SD(2B) 4 (c) is given in Figure 5 . By [27, IX.4.1 and pp. 303-304], if B has generalized quaternion defect groups and Ext quiver 2B, then there exists c ∈ k, respectively p(t) ∈ k[t] with p(0) = 1 and a, c ∈ k with a = 0, such that B is Morita equivalent to either Q(2B) 1 
The decomposition matrix for Q(2B) 1 (c) is given in Figure 4 , and the decomposition matrix for Q(2B) 2 (p, a, c) is given in Figure 5 . Note that by [37, Lemma 3.3] , Q(2B) 2 (p, a, c) can actually not occur as a block.
4.3.
Blocks with quiver 3A. 
The corresponding decomposition matrix is given in Figure 6 .
By [27, IX.5.3 and pp. 299-300], if B has semidihedral defect groups and Ext quiver 3A, then B is Morita equivalent to SD(3A) 1 = k[3A]/I SD(3A)1 where
The decomposition matrix for SD(3A) 1 is given in Figure 7 .
By 
The decomposition matrix for Q(3A) 2 is given in Figure 8 .
4.4.
Blocks with quiver 3B. 
The corresponding decomposition matrix is given in Figure 9 .
By [27, p. 300], if B has semidihedral defect groups and Ext quiver 3B, then B is Morita equivalent to either SD(3B) 1 
The decomposition matrix for SD(3B) 1 is given in Figure 10 , and the decomposition matrix for SD(3B) 2 is given in Figure 11 .
By [27, p. 305] , if B has generalized quaternion defect groups and Ext quiver 3B, then B is Morita equivalent to Q(3B) = k[3B]/I Q(3B) where
The decomposition matrix for Q(3B) is given in Figure 12 .
4.5. Blocks with quiver 3C. 
The decomposition matrix for SD(3C) 2,1 is given in Figure 13 , and the decomposition matrix for SD(3C) 2,2 is given in Figure 14 .
4.6. Blocks with quiver 3D. 
The decomposition matrix for SD(3D) is given in Figure 10 . 
By [27, VI.5] (resp. by [27, VII.4] ), there are no blocks B with dihedral (resp. generalized quaternion) defect groups that have Ext quiver 3H.
By [27, p. 301] , if B has semidihedral defect groups and Ext quiver 3H, then B is Morita equivalent to SD(3H) 1 
The decomposition matrix for SD(3H) 1 is given in Figure 15 , and the decomposition matrix for SD(3H) 2 is given in Figure 16 . 4.9. Blocks with quiver 3K. 
The corresponding decomposition matrix is given in Figure 17 .
By [27, p. 306] , if B has generalized quaternion defect groups and Ext quiver 3K, then B is Morita equivalent to Q(3K) = k[3K]/I Q(3K) where
The decomposition matrix for Q(3K) is given in Figure 18 
Ordinary characters belonging to tame blocks
Assume Hypothesis 4.1. In particular, p = 2, n ≥ 2, and D is dihedral, semidihedral or generalized quaternion.
For 2 ≤ ℓ ≤ n − 1, define ζ ℓ = ζ 2 n−1−ℓ , so that ζ ℓ is a primitive 2 ℓ -th root of unity. It follows from [15, Sect. VII], [16, 37] and [28] (see below) that every ordinary irreducible character of G which belongs to B is realizable over F (ζ), i.e. it corresponds to an absolutely irreducible F (ζ)G-module. In particular, if we are only interested in the ordinary irreducible characters of G belonging to B, we can replace ξ in the paragraph before Remark 3.1 by ζ.
In [16] (resp. [37] ), the ordinary irreducible characters of G belonging to B were analyzed if n ≥ 3 and D is dihedral (resp. semidihedral or generalized quaternion). In the notation of [16, Sect. 4] (resp. [37, Sect. 2]), this means that we are either in Case (aa) or in Case (ab) or (ba), see [16, Thm. 2] (resp. [37, Thms. 3.14-3.17]). Note that Case (ba) can only occur when D is semidihedral. In particular, in Case (aa) (resp. Case (ab) or (ba)) there are precisely three (resp. two) isomorphism classes of simple B-modules. [28] , it follows that all these characters are realizable over F , i.e. they correspond to absolutely irreducible F G-modules. we are in Case (aa) and that there are precisely 4 (resp. 3) ordinary irreducible characters of height 0 (resp. 1 = n − 2) belonging to B. Moreover, B is Morita equivalent to one of the algebras in {Q(3A) 2 , Q(3B), Q(3K)} and in the decomposition matrices in Figures 8, 12 and 18, the ordinary irreducible characters of height 0 (resp. 1) are
By [37, Prop. 4.2] and [28] , all these characters are realizable over F , i.e. they correspond to absolutely irreducible F G-modules. (aa) ). In the decomposition matrices in Figures 1-18 , the ordinary irreducible characters of height 0 (resp. 1) are
whereas the ordinary irreducible characters of height n − 2 are χ 6 or χ 6 , χ 7 , provided they exist.
Let n ≥ 3, and let σ be an element of order 2 n−1 in D. By [16, 37] , there exists a block b σ of kC G (σ) with b G σ = B which contains a unique irreducible Brauer character ϕ (σ) such that the following is true. There is an ordering of (1, 2, . . . , 2 n−2 − 1) such that for 1 ≤ i ≤ 2 n−2 − 1, the generalized decomposition number of G corresponding to σ, χ 5,i and ϕ (σ) has the form
if D is dihedral or generalized quaternion, or if D is semidihedral and i is even,
if D is semidihedral and i is odd with i ≤ 2 n−3 − 1,
if D is semidihedral and i is odd with i ≥ 2 n−3 + 1.
Note that the formulas in (5.8) for D semidihedral and i odd follow since the D-conjugacy classes of elements of order 2 n−1 in D are represented by
If D is quaternion of order 8, we have that d
ℓ , and define
Note that W contains all roots of unity of order not divisible by 2. Hence by [16, 37] and by [28] , the ordinary irreducible characters of height 0 or n − 2 belonging to B correspond to simple F Gmodules. On the other hand, the characters χ 5,i , i = 1, . . . , 2 n−2 − 1, fall into n − 2 Galois orbits O 2 , . . . , O n−1 under the action of Gal(F (ν n−1 )/F ). Namely for 2 ≤ ℓ ≤ n − 1,
The field generated by the character values of each ξ ℓ ∈ O ℓ over F is F (ν ℓ ). Hence by [28] , each ξ ℓ corresponds to an absolutely irreducible F (ν ℓ )G-module X ℓ . By [31, Satz V.14.9], this implies that for 2 ≤ ℓ ≤ n− 1, the Schur index of each ξ ℓ ∈ O ℓ over F is 1. Hence we obtain n− 2 non-isomorphic simple F G-modules V 2 , . . . , V n−1 with characters ρ 2 , . . . , ρ n−1 satisfying
By [31, Hilfssatz V.14.7], End F G (V ℓ ) is a commutative F -algebra isomorphic to the field generated over F by the character values of any ξ ℓ ∈ O ℓ . This means
Suppose v 1 , . . . , v l(σ) form a complete system of representatives of C G (σ) i (σv 1 ) , . . . , χ 5,i (σv l(σ) ), say
By [16, Thm. 5] and [37, Prop. 4.6] , the characters χ 5,i have the same degree x and they are all of height 1 for 1 ≤ i ≤ 2 n−2 − 1. Hence x = 2 a−n+1 x * where #G = 2 a · g * and x * and g * are odd. Since the centralizer C G (σ) contains σ , we have #C G (σ) = 2 n−1 · 2 b · m * where b ≥ 0 and m * is odd.
For 1 ≤ j ≤ l(σ), let C j be the conjugacy class in G of σv j , and let t(C j ) ∈ W G be the class sum of C j . Since for all j, the centralizer C G (σv j ) contains σ , we have #C G (σv j ) = 2 n−1 · 2 bj · m * j where b j ≥ 0 and m * j is odd. We want to determine the action of t(C j ) on V ℓ for 2 ≤ ℓ ≤ n − 1. For this, we identify End F G (V ℓ ) ∼ = F (ν ℓ ) with End F (ν ℓ )G (X ℓ ) for one particular absolutely irreducible F (ν ℓ )G-constituent X ℓ of V ℓ with character ξ ℓ . Using (5.10), we choose ξ ℓ = χ 5,2 n−1−ℓ . Then for 2 ≤ ℓ ≤ n − 1, the action of t(C j ) on V ℓ is given as multiplication by µ j (ℓ), where
Then w j ∈ W since g * is odd, and w j does not depend on ℓ. By (5.8) and (5.9), d
χ 5,2 n−1−ℓ , ϕ (σ) = ν ℓ . Therefore, (5.12) and (5.13) imply that (5.14)
where w 1 , . . . , w l(σ) ∈ W are independent of ℓ ∈ {2, . . . , n − 1}.
Remark 5.2. If B is a principal block, the above formulas simplify considerably due to the fact that there is very little fusion of D-conjugacy classes in G in this case. More precisely, following Brauer's arguments in [13, Sect. VII], suppose D is a Sylow 2-subgroup of G and let S = σ . If σ λ is not in the center of D, then S is a Sylow 2-subgroup of C G (σ λ ). Hence if σ λ and σ µ are conjugate in G, we can use Sylow's theorems to see that they are conjugate in N G (S). Since N G (S)/C G (S) is a 2-group, it must be of order 2. Thus N G (S) is generated by D and C G (S), which implies that σ λ and σ µ are conjugate in D. 
where ϕ (σ) is as in (5.8). Moreover, since ϕ (σ) is the unique Brauer character belonging to the block b σ of kC G (σ) satisfying b ], the set {(y, b σ ) | y ∈ Y σ } is a system of representatives for the conjugacy classes of subsections for B such that y is conjugate to σ in G. Hence it follows from Remark 3.1 that for non-principal blocks B, (5.15) has to be replaced by the formula
Definition 5.3. Use the notation introduced above, and in particular (5.9). Assume n ≥ 3.
(i) Define
(ii) Let Z = σ , so that Z is a cyclic group of order 2 n−1 > 2. Let τ : Z → Z be the group automorphism which sends σ to σ −1 if D is dihedral or generalized quaternion, and which sends σ to σ −1+2 n−2 if D is semidihedral. Then τ can be extended to a W -algebra automorphism of the group ring W Z which will again be denoted by τ . Let T (σ 2 ) = 1 + σ 2 + σ 4 + · · · + σ 2 n−1 −2 , and define
Remark 5.4. The minimal polynomial min.pol. F (ν ℓ ) for 2 ≤ ℓ ≤ n − 1 is as follows:
The W -algebra R ′ from Definition 5.3 is a complete local commutative Noetherian ring with residue field k. Moreover,
Additionally, R ′ is isomorphic to the W -subalgebra of For the remainder of the proof, assume that D is semidihedral (in particular, n ≥ 4). Let J = σ 2 n−2 so that τ (σ) = Jσ −1 . Note that (W Z) τ is generated as a W -algebra by (σ + Jσ −1 ) and J. Moreover, (W Z) τ is a free W -module of rank 2 n−2 + 1 with W -basis given by
Note that the W -sugbalgebra of (W Z) τ generated by (σ + Jσ −1 ) is a free W -module of the same rank 2 n−2 + 1 and with almost the same W -basis as in (5.16) except that J must be replaced by 2J. It follows that
is generated as a W -algebra by the image of (σ + Jσ −1 ) in S ′ . Hence we have a surjective W -algebra homomorphism
sending t to the image in S ′ of σ + Jσ −1 = σ + τ (σ). Using the injective W -algebra homomorphism
it is straightforward to prove that there exists an odd integer c n such that q n (σ+Jσ −1 ) = c n σ T (σ 2 ). More precisely, c 4 = 3 and c n = 2 c 2 n−1 − 1 for n ≥ 5. Thus q n (t) lies in the kernel of f . Since both
]/(q n (t)) and S ′ are free as W -modules of the same rank 2 n−2 − 1, it follows that
To finish the proof of Lemma 5.5, it suffices to show that the ring
Then Θ is isomorphic to a subquotient algebra of W D and it is generated as a W -algebra by the image of (σ + Jσ −1 ) in Θ. Moreover, Θ is a free W -module of rank 2 n−2 , since the ideal
Using the above calculations, we see that
which is zero in Θ. Hence (t − 2) q n (t) lies in the kernel of θ. Since both W [[t]]/((t − 2) q n (t)) and Θ are free over W of rank 2 n−2 , it follows that W [[t]]/((t − 2) q n (t)) is isomorphic to Θ, which completes the proof of Lemma 5.5.
The following result gives a correction of [4, Lemma 5.4] and generalizes the corrected result to all tame blocks with at least two isomorphism classes of simple modules. 
Proof. Suppose first that n = 3. Then q n (t) = t and R ′ ∼ = W . Hence we can choose the W Gmodule endomorphism α of U ′ to be the zero endomorphism. Since U ′ is free as a W -module and
For the remainder of the proof, assume n ≥ 4. We first construct a W G-module endomorphism α of U ′ as in part (i) of the lemma. As before, let σ ∈ D be an element of order 2 n−1 and let {v 1 , . . . , v l(σ) } be a complete system of representatives of C G (σ)-conjugacy classes of 2-regular elements in C G (σ). For 1 ≤ j ≤ l(σ), let C j be the conjugacy class in G of σv j , and let t(C j ) ∈ W G be the class sum of C j .
Let 1 ≤ j ≤ l(σ). Since t(C j ) lies in the center of W G, multiplication by t(C j ) defines a W G-module endomorphism of U ′ . Since U ′ is free as a W -module, End W G (U ′ ) can naturally be identified with a W -subalgebra of
Therefore, t(C j ) acts on U ′ as multiplication by a scalar λ j in the maximal W -order
ℓ=2 V ℓ , which implies by (5.13) that λ j = (µ j (ℓ)) n−1 ℓ=2 . By (5.14), there exist elements w 1 , . . . , w l(σ) ∈ W such that
for 2 ≤ ℓ ≤ n − 1. Define α to be the W G-module endomorphism of U ′ given by multiplication by the element l(σ) j=1 w j t(C j ) in the center of W G. Then α acts on U ′ as multiplication by the scalar
We have a short exact sequence of W -modules
Considering the G-action on these modules, we obtain an exact sequence of W -modules
Since by assumption dim k End kG (U ′ ) = dim k (R ′ /2R ′ ) = 2 n−2 − 1, it follows that (5.17) induces a short exact sequence of W -modules
Let β be a generator of End kG (U ′ ) as a k-algebra. By (5.18), there exists β ∈ End W G (U ′ ) whose induced kG-module endomorphism of U ′ is equal to β. Using Nakayama's lemma, we see that
is generated by 2 and β and the maximal ideal m k[β] of k[β] is generated by β, it follows that
where the latter has k-dimension x = deg(χ 5,1 ) by assumption. By Nakayama's lemma, we can lift a k-basis {s 1 , . . . , s
, it follows that s 1 , . . . , s x are linearly independent over End W G (U ′ ). Hence U ′ is free as a module for End W G (U ′ ) of rank x = deg(χ 5, 1 
, there exists a polynomial q(X) ∈ W [X] such that α = q(β). Because α is not a unit, the constant coefficient of q(X) must be divisible by 2. Write
for certainã 0 , a 1 , . . . , a d ∈ W and d ≥ 1. Suppose a 1 = 2ã 1 for someã 1 ∈ W . Consider the natural projection π n−1 :
and let m be the maximal ideal of
However, we have seen that π n−1 (α) = ν n−1 ∈ m 2 . Hence a 1 is not divisible by 2. But then the kG-module endomorphism α of U ′ which is induced by α has the form
Universal deformation rings
Assume Hypothesis 4.1 and the notation introduced in Section 4 and Section 5. In particular, p = 2, n ≥ 2, and D is dihedral, semidihedral or generalized quaternion. In this section, we want to determine R(G, V ) for any maximally ordinary kG-module V in the sense of Definition 3.2.
We first determine all indecomposable kG-modules V belonging to B whose stable endomorphism rings are isomorphic to k and whose Brauer characters are restrictions of ordinary irreducible characters of height 1. By Remark 5.1, the ordinary irreducible characters of height 1 belonging to B are (using the notation from Section 5): Proof. Lemma 6.1 is proved using the description of the basic algebra Λ = kQ/I of the block B together with its decomposition matrix as provided in Section 4. To give an idea of the arguments, we discuss the case when Λ = SD(3A) 1 in part (b)(iii). It follows from the decomposition matrix in Figure 7 that V is an indecomposable B-module with composition factors T 0 , T 0 , T 1 , T 2 . Let t V (resp. s V ) be the composition series length of the radical quotient (resp. socle) of V . If t V = 3 then V has radical series length 2 and s V = 1. But then V is a submodule of a projective indecomposable B-module which is impossible for t V = 3. If t V = 2 then V has radical series length at most 3 and
, (2, 0)} and zero otherwise, it follows that there are no indecomposable B-modules V with t V = 2 and radical series length 2. Analyzing Ext
′ ) for appropriate indecomposable B-modules V ′ of length 2, we see that the only indecomposable B-modules V with t V = 2 and radical series length 3 are submodules of the projective cover P T0 of the form
However, the stable endomorphism ring of each of these modules has k-dimension 2. If t V = 1 then V has radical series length at most 4 and s V ≤ 3. Since V is a quotient module of a projective indecomposable B-module in this case, there are no indecomposable B-modules V with t V = 1 and radical series length 2. If t V = 1 and the radical series length of V is 3, we use similar Ext 1 arguments as above to see that the only indecomposable B-modules V with these properties are quotient modules of the projective cover P T0 with descending radical factors T 0 , T 1 ⊕ T 2 , T 0 . But all such modules have an endomorphism which factors through T 0 and which does not factor through a projective module, meaning that the stable endomorphism ring of each of these modules has kdimension 2. Finally, if t V = 1 and the radical series length of V is 4, then V is one of the uniserial modules described in part (b)(iii) of Lemma 6.1. This description shows directly that End B (V ) ∼ = k. Moreover, using the projective indecomposable B-modules, we see that Ext Proof. If n = 2 (resp. n = 3), it follows from [15, Sect. VII] (resp. [16, 37] ) that all generalized decomposition numbers corresponding to maximal 2-power order elements in D lie in {0, ±1}. Hence there are no maximally ordinary kG-modules belonging to B if n ≤ 3. Now suppose n ≥ 4. Let σ ∈ D be of maximal 2-power order, and let χ be an ordinary irreducible character belonging to B. It follows from [16, 37] that if χ has height 0, then the nonzero generalized decomposition numbers corresponding to σ and χ are ±1. Also, if χ has height n − 2, then all generalized decomposition numbers corresponding to σ and χ are zero. On the other hand, we see from (5.8), since n ≥ 4, that if χ has height 1, then d The following lemma determines which modules V from Lemma 6.1 correspond to 3-tubes. Proof. If D is generalized quaternion, Lemma 6.4 follows from [27, V.4.3] .
Suppose next that D is dihedral, and let Λ = kQ/I be a basic algebra such that B is Morita equivalent to Λ. By [27, VI.10.1] , it follows that Λ/soc(Λ) is special biserial. Therefore, we can use the techniques described in [18, Sect. 3 ] to determine the 3-tubes of the stable Auslander-Reiten quiver of B. Note that the modules at the boundaries of the 3-tubes are either maximal uniserial or simple. Using the list of the possible V in Lemma 6.1, we see by direct inspection that V always corresponds to a 3-tube and that the module U from Definition 6.3 always belongs to the boundary of its 3-tube.
Finally, suppose that D is semidihedral. By [27, V.4.2] , the stable Auslander-Reiten quiver of B has at most one 3-tube. To give an idea of the arguments, we discuss the case when B is Morita equivalent to Λ = SD(3A) 1 . By Lemma 6.1(b)(iii), V is a uniserial module with descending compo-
n−2 −1 )) if the radical quotient or the socle of V is isomorphic to T 1 (resp. T 2 ). Hence by Definition 6.3, V can only correspond to a 3-tube if the radical quotient or the socle of V is isomorphic to T 1 . Since the projective cover P T1 is uniserial, we obtain from [4, Lemma 2.5] 
the radical quotient (resp. the socle) of V is isomorphic to T 1 . Since Ω 3 (U ) ∼ = U , it follows that U belongs to a 3-tube of the stable Auslander-Reiten quiver of B. Moreover, using the criterion given in [18, Sect. 1] for almost split sequences to have an indecomposable middle term, we see that U belongs to the boundary of this 3-tube.
The following result shows that if V corresponds to a 3-tube, then the module U from Definition 6.3 has a universal deformation ring R(G, U ) ∼ = k. Let T be the 3-tube of the stable Auslander-Reiten quiver of B to which U belongs. By Lemma 6.4, U belongs to the boundary of T. Going through the cases described in Lemma 6.4, it is straightforward to show that End kG (U ) ∼ = k and Ext 
For the remainder of the proof, assume that D is not quaternion of order 8. In particular, the Brauer character of V is the restriction of χ 5,1 to the 2-regular conjugacy classes of G. By Lemma 6.1(b), Ext
but not to a quotient algebra of W . Let P V be the projective kG-module cover of V .
Claim 0. There exists an indecomposable quotient module U ′ of P V such that U ′ defines a lift of V over k[t]/(t 2 n−2 −1 ) and U ′ /t 2 U ′ is an indecomposable kG-module. Moreover, if V corresponds to a 3-tube then the indecomposable kG-module U of Definition 6.3, which is also an indecomposable quotient module of P V , defines a lift of V over k[t]/(t 2 n−2 ) and satisfies U /t
Proof of Claim 0. Suppose first that B is Morita equivalent neither to SD(2B) 4 (c), nor to Q(2B) 2 (p, a, c), nor to SD(3C) 2,2 . Then V is uniserial of length ℓ ≤ 4. Using the quiver and relations of the basic algebra of B, as provided in Section 4, it follows that in all cases P V has an indecomposable quotient module U ′ (resp. U , provided it exists) which is uniserial of length ℓ (2 n−2 − 1) (resp. ℓ 2 n−2 ). Moreover, U ′ (resp. U ) can be pictured as having 2 n−2 − 1 (resp. 2 n−2 ) copies of V stacked on top of each other. This means that the action of t on U ′ (resp. U ) is given by an automorphism of U ′ (resp. U ) which is unique up to multiplication by a non-zero scalar andIf B is Morita equivalent to SD(3C) 2,2 , we use again similar arguments as in the proof of [4, Lemma 2.5] to prove Claim 1. The main point is that, as seen in the proof of Claim 0, U ′ and U are suitable submodules (resp. suitable quotient modules) of the projective cover P T0 if the radical quotient (resp. socle) of V is T 0 , and U ′ is a suitable quotient module of P Tu if the radical quotient of V is T u for u ∈ {1, 2}. This completes the proof of Claim 1.
Proof of Claim 2. Suppose first that B is Morita equivalent neither to SD(2B) 4 (c), nor to Q (2B) 2 (p, a, c) , nor to SD(3C) 2,2 . As seen in the proof of Claim 0, U ′ is a uniserial module which can be pictured as having 2 n−2 − 1 copies of V stacked on top of each other. Since U ′ is isomorphic to a tree module in the sense of [32] , we can use the main result of [32] to prove Claim 2.
If B is Morita equivalent to Λ ∈ {SD(2B) 4 (c), Q(2B) 2 (p, a, c), SD(3C) 2,2 }, we use the relations in Section 4.2 and Section 4.5 to analyze the possible kG-module endomorphisms of U ′ , where we use the description of U ′ as given in the proof of Claim 0. Using explicit k-bases for the Λ-module U ′ Λ corresponding to U ′ under the Morita equivalence, a straightforward linear algebra calculation shows that End
if B is Morita equivalent to SD(3A) 1 (using the notation in Figure 7 ) and the Fcharacter of this lift is χ 2 + χ 4 + χ 6 (resp. χ 2 + χ 3 + χ 7 ) if B is Morita equivalent to Q(3A) 2 and u = 1 (resp. u = 2) (using the notation in Figure 8 ). This completes the proof of Claim 3.
Claim 4. The universal deformation ring R(G, V ) is as stated in Theorem 6.6.
Proof of Claim 4. In all cases, it follows by Lemma 5.6 that U ′ from Claim 3 is an R ′ G-module. More precisely, there exists a W G-module endomorphism α of 
is an indecomposable kG-module, which implies that this does not define the trivial lift of V over k[t]/(t 2 ). Hence τ is surjective and induces a surjective k-algebra homomorphism
Suppose first that V does not correspond to a 3-tube. Then R(G, V )/2R(G, V ) and R ′ /2R ′ are isomorphic and finite dimensional over k, which implies that τ is an isomorphism. Because R ′ is a free W -module of finite rank, it follows that τ is an isomorphism. By Lemma 5.5, R ′ is isomorphic to a subquotient ring of W D. This proves Claim 4 and completes the proof of Theorem 6.6 if V does not correspond to a 3-tube.
Suppose next that V corresponds to a 3-tube. Then the universal mod 2 deformation ring R(G, V )/2R(G, V ) is isomorphic to k[t]/(2 n−2 ) and the universal mod 2 deformation is isomorphic to U . By [3, Lemma 2. ]/(q n (t)(t − 2µ)) is free over W/2 m W . Therefore it follows that if a = 0 (resp. a = 1), then there is a lift of U , when regarded as a kG-module, over W (resp. over W/2 m W ). But by Proposition 6.5 we have R(G, U ) ∼ = k, which means we must have a = 1 and m = 1. Since V corresponds to a 3-tube, D is dihedral or semidihedral. Hence by Lemma 5.5, the ring W [[t]]/(t q n (t), 2 q n (t)) is isomorphic to a subquotient ring of W D. This proves Claim 4 and completes the proof of Theorem 6.6 if V corresponds to a 3-tube. 
